We investigate the effect of the isotropic velocity-dependent potentials on the bound state energy eigenvalues of the Morse potential for any quantum states. When the velocity-dependent term is used as a constant parameter, ρ( ) = ρ 0 , the energy eigenvalues can be obtained analytically by using the Pekeris approximation. When the velocity-dependent term is considered as an harmonic oscillator type, ρ( ) = ρ 0 2 , we show how to obtain the energy eigenvalues of the Morse potential without any approximation for any and quantum states by using numerical calculations. The calculations have been performed for different energy eigenvalues and different numerical values of ρ 0 , in order to show the contribution of the velocity-dependent potential on the energy eigenvalues of the Morse potential. 03.65.Fd, 03.65.Ge, 34.20.Cf, 34.20.Gj,31.15 
Introduction
The velocity-dependent potentials have interesting applications and may motivate further studies in different fields of physics. This kind of potential was first proposed in order to describe the large backward scattering of mesons from the complex nuclei, and to explain the p-wave nature of elementary pion-nucleon coherent scattering in nuclear physics [1] . The velocity-dependent potentials were also used for modeling nucleon-nucleon interaction, and the 1 S, 1 D, 1 G singlet-even phase shifts were re-produced well [2] . Furthermore, in order to describe the single-particle energy levels of the neutron in the nuclei, the velocity-dependent potentials, which have the Wood-Saxon type form factor, were used, and the velocitydependent effective potential was fitted by using the Morse function, in order to obtain the analytical energy eigenvalue equation of the neutron in the nuclei [3] . In order to improve the obtained results, Lodhi [4] has taken into account the spin orbit effect. Green et al [5] have found approximate analytical solutions of the Schrödinger equation with the velocity-dependent Morse potential by fitting the effective potential to the Morse type form factor, and have applied this to the neutron bound state in 17 O and 41 Ca. Furthermore, Miller [6] has calculated the = 0 states using the Pekeris approximation by fitting effective potential with Morse function. Moreover, in the atomic physics, the velocity-dependent potential was applied to depict the scattering of electrons from the oxygen and neon atoms [7] . In addition, the Schrödinger equation, with a velocity-dependent potential term, has been suggested in order to describe particles with a position-dependent effective mass. The solution of the Schrödinger equation for a position-dependent effective mass, has been used for interpreting the motions of electrons in semiconductor hetero-structures such as quantum dots [8] , liquid [9] , and compositionally graded crystals [10] . Therefore, such kinds of study are very important in the development of semiconductor technological devices. Despite the fact that the solution of the Schrödinger equation with a velocity-dependent potential is crucially important in many different fields, obtaining exact analytical solutions for such an equation, which describes physically interesting problems, is extremely difficult. Hence, some approximation methods are needed to obtain suitable solutions for different velocity-dependent potentials, as well as its special case [11] [12] [13] [14] [15] [16] . In Refs. [11] and [12] , the Schrödinger equation for a square well with a velocitydependent Kisslinger potential has been solved in bound as well as scattering states by using the formal scattering theory. In Refs. [13] and [14] , the perturbation theory has been applied to the solution of the Schrödinger equation with an isotropic velocity-dependent potential, which has the form of a constant perturbing potential and perturbing harmonic oscillator under a local square-well potential field for bound states, and then this procedure has been applied for the scattering states in Ref. [16] . In the previous study, we have investigated, for the first time, the effect of the isotropic velocity-dependent potential to the energy eigenvalues of the Coulomb and harmonic oscillator potentials, for arbitrary quantum states within the framework of an asymptotic iteration method [17] . In this manner, we have presented how to solve the radial Schrödinger equation with the Coulomb and harmonic oscillator potentials, including an isotropic velocitydependent potential for = 0 states by using the 'asymptotic iteration method'(AIM) procedure [17] .
On the other hand, another important potential which has been extensively used to model molecular type interaction, is the Morse potential [18] . More recently, this potential has been treated in many applications in different fields, such as molecular [21, 22] and nuclear physics [23] . Therefore, investigating the effect of velocity-dependent potentials on Morse potential energy eigenvalues would be interesting, for many different subjects. In this study, for the first time, we attempt to solve the radial Schrödinger equation with the Morse potential, including an isotropic velocity-dependent potential for = 0 states, by using the Pekeris approximation for the centrifugal term in the AIM procedure. The velocity-dependent potential has been taken as the form of a uniform, ρ 0 , or a harmonic oscillator type, ρ 0 2 , which both have not been solved so far. We aim to show the effect of the velocity-dependent potentials on the Morse potential energy eigenvalues and eigenfunctions.
In the next section, we briefly outline the AIM with all necessary formula. In Section 3, we summarize the isotropic velocity-dependent potential model in consideration of the Morse oscillator with Pekeris approximation. In Section 3.1 and 3.2, we apply the AIM to solve the radial Schrödinger equation with an isotropic velocitydependent potential by using analytical and numerical AIM procedures for the Morse potential, respectively. Finally, Section 4 is devoted to our summary and conclusion.
The asymptotic iteration method
The AIM [24, 25] is proposed in order to solve the secondorder differential equations of the form
where λ 0 ( ) = 0 and the prime denotes the derivative with respect to . The variables, 0 ( ) and λ 0 ( ), are sufficiently differentiable. The differential Eq. (1) has a general solution [24] 
If > 0, for sufficiently large k, we obtain the α( ) values from
where
which are called the recurrence relations. For a given potential, if the radial Schrödinger equation is converted to the form of Eq. (1), s 0 ( ) and λ 0 ( ) can be determined, and the s ( ) and λ ( ) parameters can be calculated by using the recurrence relations given by Eq. (4). The termination condition of the method in Eq. (3) can be arranged as
where shows the iteration number. For the exactly solvable potentials, the energy eigenvalues are obtained from the roots of Eq. (5) and the radial quantum number is equal to the iteration number . The advantage of the asymptotic iteration method is that this method allows us to find the energy eigenvalues directly in a very simple way. If the related equations are analytically solvable, the problem can be solved analytically using the AIM procedure. However, if the corresponding equations have no analytical solutions, then the problem can be solved numerically or perturbatively in the framework of the AIM procedure.
The model
The velocity-dependent total potential is a superposition of the local (V eff ( )) and the isotropic velocity-dependent local (V ( )) potentials, as follows [1, 16] 
where ξ( ) is the isotropic form factor function of the radial variable . Therefore, the radial Schrödinger equation may be written by
for a particle of mass and energy E moving under the isotropic, velocity-dependent potential. If we transform the wave function R( ) = ( ) with the form factor ξ( ) = γρ( ) and also take 2 = = 1, we obtain a second order differential equation as follows
where and V ( ) are the angular momentum quantum number and the Morse potential, respectively. The Morse potential we examine in this paper is given by
with = ( − )/ and α = . Here, D shows the dissociation energy and α denotes the Morse parameter. is the equilibrium distance (bound length) between nuclei and is a control parameter for the width of the potential well. The effective potential including the Morse potential for = 0 can be written as follows
As seen from Eq. (11), the effective potential is a combination of the exponential and inverse square potentials, so the corresponding equations cannot be solved analytically. Thus, an approximation has to be made. The most widely used and convenient one in these approximations is the Pekeris approximation. This approximation is based on the expansion of the centrifugal barrier in a series of exponentials depending on the internuclear distance, keeping terms up to second order, so that the effectivedependent potential keeps the same form as the potential with =0. The effective potential with Pekeris approximation gives [19] [20] [21] [22] , 
and are the radial and angular momentum quantum numbers, respectively. In order to show all results numerically, we have calculated the energy eigenvalues of the non velocity-dependent Morse potential for several quantum states in the first column of Table 1. In the Table 1 , γ = 0 shows the non-velocity-dependent potential case for D=10, = 1, and = 1 values.
ρ( ) = ρ 0 case: Isotropic velocity-dependent solution
In Eq. (8), for the velocity-dependent term ρ( ) = ρ 0 case, the corresponding radial Schrödinger equation for the Morse potential with Pekeris approximation can be solved by the AIM, and the energy eigenvalues can be obtained as follows
In Eq. (16), taking γ = 0, we obtain the approximate analytical eigenvalue equation of the Morse potential in the atomic unit [21] . In order to show the contribution of the velocity-dependent potential to the energy eigenvalues clearly, we have calculated the energy eigenvalues of the velocity-dependent Morse potential for several quantum states in Table 1 , for values of D=10, γ = 1, = 1, and = 1.
Numerical solution
In Eq. (8), taking the form factor as ρ( ) = ρ 0 2 with Morse potential, we obtain
. This equation cannot be solved analytically. Therefore, it can be solved by using either perturbation or numerical methods. In order to solve Eq. (17), we should transform it to the form of Eq. (1) . Consequently, we propose a physical wave function as ( ) = +1 −β χ( ) which has to satisfy the boundary conditions, i.e (0) ∼ +1 for → 0 and (∞) ∼ −β for → ∞. Substituting the physical wave function into Eq. (17), we can easily obtain the convenient second order differential equation for the AIM as follows:
By comparing Eq. (1) and Eq. (18), we obtain
By using the recurrence relations (Eq. (4)), we obtain higher λ and equations. In order to obtain the energy eigenvalues of the velocity-dependent Morse potential, we take γ = 1. In this case, the problem cannot be solved exactly, we have to choose the 0 point as 0 = 1+ β . By the recurrence relation, we obtain the λ and values and inserting them into the quantization condition Eq. (5), the energy eigenvalues of the velocity-dependent Morse potential are obtained. The energy eigenvalues of the velocity-dependent Morse potential are seen at 10th iteration and becomes stable at 20th iteration. Speed of the convergence depends on the arbitrarily introduced constant β. In the calculations, we have investigated the optimum values of β giving the best convergence and have kept the β = 0 6 value. In order to show the AIM's numerical calculation in the case of the velocity-dependent Morse potential, we take the potential parameters D = 50, ρ 0 = 0 5, = 1, = 1 , and ρ 0 = 0 5. In Table 2 , we show the energy eigenvalues of the velocity-dependent Morse potential for any quantum states. It is seen from Table 2 that the energy eigenvalues become positive for higher and quantum states.
Conclusion
In this study, for the first time, we have investigated the effect of the isotropic velocity-dependent potential to the energy eigenvalues of the Morse potential for arbitrary quantum states within the framework of an asymptotic iteration method. We have presented that when the velocitydependent term is selected as a constant, ρ 0 , the energy eigenvalues , with Pekeris approximation, could be obtained in a closed form. We have also shown that the presence of the constant velocity-dependent term, which has different values, affects on the energy eigenvalues of the Morse potential. In Table 1 , 2, we explicitly show the effect of the velocity dependent potentials on the energy eigenvalues of the rotating Morse oscillator. We analytically obtain energy eigenvalues of the rotating Morse oscillator for the isotropic velocity-dependent case in Eq. 16. It is seen in Eq. 16 and Table 1 that the energy eigenvalues have negative values and their strength increases while the isotropic dependencies increase. For the =3 and =1 case, the eigenvalue is 1.91423 at γ = 0, and when the value of ρ 0 = 0 1 it becomes 1.98717 and decreases for the increasing isotropic dependent term. In order to get real energy eigenvalues in Eq. 16, it should be γρ 0 < 1. If γρ 0 is chosen as 1, there is no value for the energy eigenvalue. The energy eigenvalues become imaginary if the γρ 0 is chosen as greater than 1. On the other hand, for these special values, if the energy eigenvalues were imaginary, then it would be a signature of a resonance state. We can say that the system would be in resonance cases, different from the bound state, at these values which give imaginary eigenvalues. We have also shown that when the velocity-dependent term is considered as an harmonic oscillator form, ρ 0 2 , one cannot solve the radial Schrödinger equation analytically. Thus, we have calculated the energy eigenvalues of the Morse potential without doing any approximation for either centrifugal or potential terms, for any and quantum states, by using numerical calculations in the framework of the AIM. The energy eigenvalues of the Morse potential have been calculated in Table 2 for different quantum numbers. In order to show the detailed effect of the velocity dependent potentials on the energy eigenvalues of the Morse potential, we have plotted the results in Table 1 -2 as can be seen in Fig. 1. In Fig. 1 , while the left side shows the energy eigenvalues of the velocity-dependent Morse potential for several quantum states for D=10, γ = 1, = 1, and = 1 versus different ρ 0 values, the right one shows the energy eigenvalues of the velocity-dependent Morse Potential for several states for D=50, ρ 0 = 0 5, γ = 1, = 1, = 1, and β = 0 6 versus different l angular momentum values.
In summary, we have presented that the velocitydependent potentials with different forms have definitely an effect on the energy eigenvalues of the system under consideration. Since this effect has been shown explicitly in this paper, it might be interesting to use this potential to model the physical processes in different fields of physics.
